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Abstract. Generalizing many well-known and natural scheduling
problems, scheduling with job-speciﬁc cost functions has gained a lot of
attention recently. In this setting, each job incurs a cost depending on its
completion time, given by a private cost function, and one seeks to schedule the jobs to minimize the total sum of these costs. The framework captures many important scheduling objectives such as weighted ﬂow time
or weighted tardiness. Still, the general case as well as the mentioned special cases are far from being very well understood yet, even for only one
machine. Aiming for better general understanding of this problem, in this
paper we focus on the case of uniform job release dates on one machine
for which the state of the art is a 4-approximation algorithm. This is true
even for a special case that is equivalent to the covering version of the
well-studied and prominent unsplittable ﬂow on a path problem, which
is interesting in its own right. For that covering problem, we present a
quasi-polynomial time (1 + ε)-approximation algorithm that yields an
(e + ε)-approximation for the above scheduling problem. Moreover, for
the latter we devise the best possible resource augmentation result regarding speed: a polynomial time algorithm which computes a solution
with optimal cost at 1 + ε speedup. Finally, we present an elegant QPTAS for the special case where the cost functions of the jobs fall into at
most log n many classes. This algorithm allows the jobs even to have up
to log n many distinct release dates. All proposed quasi-polynomial time
algorithms require the input data to be quasi-polynomially bounded.

1

Introduction

In scheduling, a natural way to evaluate the quality of a computed solution is to
assign a cost to each job which depends on its completion time. The goal is then
to minimize the sum of these costs. The function describing this dependence may
be completely diﬀerent for each job. There are many well-studied and important



Funded by the Go8-DAAD joint research cooperation scheme.
A full version of the paper can be found at http://arxiv.org/abs/1403.1376.

J. Esparza et al. (Eds.): ICALP 2014, Part I, LNCS 8572, pp. 625–636, 2014.
c Springer-Verlag Berlin Heidelberg 2014


626

W. Höhn, J. Mestre, and A. Wiese

scheduling objectives which can be cast in this framework. Some of them
are already
very well understood, for instance weighted sum of completion times j wj Cj for
which there are polynomial time approximation schemes (PTASs) [1], even for multiple machines and very general machine models. On the other hand, for natural
and important objectives such as weighted ﬂow time or weighted tardiness, not
even a constant factor polynomial time approximation algorithm is known, even
on a single machine. In a recent break-through result, Bansal and Pruhs presented
a O(log log P )-approximation algorithm [6,7] for the single machine case where every job has its private cost function, denoting by P the range of the processing times.
Formally, they study the General Scheduling Problem (GSP) where the input consists of a set of jobs J where each job j ∈ J is speciﬁed by a processing time pj , a
release date rj , and a non-decreasing cost function fj , and
the goal is to compute
a preemptive schedule on one machine which minimizes j fj (Cj ) where Cj denotes the completion time of job j in the computed schedule. Interestingly, even
though this problem is very general, subsuming all the objectives listed above, the
best known complexity result for it is only strong NP-hardness, so there might even
be a polynomial time (1 + ε)-approximation.
Aiming to better understand GSP, in this paper we investigate the special case
that all jobs are released at time 0. This case is still strongly NP-hard [20] and the
currently best know approximation algorithm for it is a (4 + ε)-approximation
algorithm [18,22]1 . As observed by Bansal and Verschae [8], this problem is a
generalization of the covering-version of the well-studied Unsplittable Flow on
a Path problem (UFP) [2,3,5,11,14,17]. The input of this problem consists of
a path, each edge e having a demand ue , and a set of tasks T . Each task i is
speciﬁed by a start vertex si , an end vertex ti , a size pi , and a cost ci . In the

covering version, the goal
is to select a subset of the tasks T ⊆ T which covers
the demand proﬁle, i.e., i∈T  ∩Te pi ≥ ue where Te denotes
all
tasks in T whose

path uses e. The objective is to minimize the total cost i∈T  ci .
This covering version of UFP has applications to resource allocation settings
such as workforce and energy management, making it an interesting problem
in its own right. For example, one can think of the tasks as representing time
intervals when employees are available, and one aims at providing certain service
level that changes over the day. UFP-cover is a generalization of the knapsack
cover problem [12] and corresponds to instances of GSP without release dates
where the cost function of each job attains only the values 0, some job-dependent
value ci , and ∞. The best known approximation algorithm for UFP-cover is a
4-approximation [9,13], which essentially matches the best known result for GSP
without release dates.
Our Contribution. In this paper we present several new approximation results
for GSP without release dates and some of its special cases. First, we give a
1

In [18] a primal-dual (2 + ε)-approximation algorithm was claimed for this problem.
However, there is a error in the argumentation: there are instances [22] where the
algorithm constructs a dual solution whose value diﬀers from the optimal integral
solution by a factor of 4.
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(1 + ε)-approximation algorithm for the covering version of UFP with quasipolynomial running time. Our algorithm follows the high-level idea of the known
QPTAS for the packing version [3]. Its key concept is to start with an edge in the
middle and to consider the tasks using it. One divides these tasks into groups,
all tasks in a group having roughly the same size and cost, and guesses for each
group an approximation of the capacity proﬁle used by the tasks from that group.
In the packing version, one can show that by slightly underestimating the true
proﬁle one still obtains almost the same proﬁt as the optimum. For the covering
version, a natural adjustment would be to use an approximate proﬁle which
over estimates the true proﬁle. However, when using only a polynomial number
of approximate proﬁles, it can happen that in the instance there are simply not
enough tasks from a group available so that one can cover the overestimated
proﬁle which approximates the actual proﬁle in the best possible way.
We remedy this problem in a maybe counterintuitive fashion. Instead of guessing an approximate upper bound of the true proﬁle, we ﬁrst guess a lower bound
of it. Then we select tasks that cover this lower bound, and ﬁnally add a small
number of “maximally long” additional tasks. Using this procedure, we cannot guarantee (instance-independently) how much our selected tasks exceed the
guessed proﬁle on each edge. However, we can guarantee that for the correctly
guessed proﬁle, we cover at least as much as the optimum and pay only slightly
more. Together with the recursive framework from [3], we obtain a QPTAS. As
an application, we use this algorithm to get a quasi-polynomial time (e + ε)approximation algorithm for GSP with uniform release dates, improving the
approximation ratio of the best known polynomial time 4-approximation algorithm [18,22]. This algorithm, as well as the QPTAS mentioned below, requires
the input data to be quasi-polynomially bounded.
Moreover, we consider a diﬀerent way to relax the problem. Rather than
sacriﬁcing a 1 + ε factor in the objective value, we present a polynomial time
algorithm that computes a solution with optimal cost but requiring a speedup
of 1 + ε. Such a result can be easily obtained for job-independent, scalable cost
functions using the PTAS in [21] (a cost function f is scalable if f (c t) = φ(c) f (t)
for some suitable function φ and all all c, t ≥ 0). In our case, however, the cost
functions of the jobs can be much more complicated and, even worse, they can
be diﬀerent for each job. Our algorithm ﬁrst imposes some simpliﬁcation on the
solutions under consideration, at the cost of a (1 + ε)-speedup. Then, we use a
recently introduced technique to ﬁrst guess a set of discrete intervals representing
slots for large jobs and then use a linear program to simultaneously assign large
jobs into these slots and small jobs into the remaining idle times [24].
An interesting open question is to design a (Q)PTAS for GSP without release
dates. As a ﬁrst step towards this goal, recently Megowand Verschae [21] presented a PTAS for minimizing the objective function j wj g(Cj ) where each
job j has a private weight wj but the function g is identical for all jobs. In Section 4 we present a QPTAS for a generalization of this setting. Instead of only
one function g for all jobs, we allow up to (log n)O(1) such functions, each job
using one of them, and we even allow the jobs to have up to (log n)O(1) distinct
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release dates. We note that our algorithms requires the weights of the jobs to
be in a quasi-polynomial range. Despite the fact that this setting is much more
general, our algorithm is very clean and easy to analyze.
Related Work. As mentioned above, Bansal and Pruhs present a O(log log P )approximation algorithm for GSP [6]. Even for some well-studied special cases,
this is now the best known polynomial time approximation result. For instance,
for the important weighted ﬂow time objective, previously the best known approximation factors were O(log 2 P ), O(log W ) and O(log nP ) [4,16], where P
and W denote the ranges of the job processing times and weights, respectively.
A QPTAS with running time nOε (log P log W ) is also known [15]. For the objective of minimizing the weighted sum of completion times, PTASs are known,
even for an arbitrary number of identical and a constant number of unrelated
machines [1].
For the case of GSP with identical release dates, Bansal and Pruhs [6] give a
16-approximation algorithm. Later, Shmoys and Cheung claimed a primal-dual
(2+ε)-approximation algorithm [18]. However, an instance was later found where
the algorithm constructs a dual solution which diﬀers from the best integral
solution by a factor 4 [22], suggesting that the primal-dual analysis can show
only an approximation ratio of 4. On the other hand, Mestre and Verschae [22]
showed that the local-ratio interpretation of that algorithm (recall the close
relation between the primal-dual schema and the local-ratio technique [10]) is in
fact a pseudopolynomial time 4-approximation, yielding a (4 + ε)-approximation
in polynomial time.
As mentioned above, a special case of GSP with uniform release dates is
a generalization for the covering version of Unsplittable Flow on a Path. For
this special case, a 4-approximation algorithm is known [9,13]. The packing
version is very well studied. After a series of papers on the problem and its
special cases [5,11,14,17], the currently best known approximation results are a
QPTAS [3] and a (2 + ε)-approximation in polynomial time [2].

2

Quasi-PTAS for UFP-Cover

In this section, we present a quasi-polynomial time (1 + ε)-approximation algorithm for the UFP-cover problem. Subsequently, we show how it can be used to
obtain an approximation algorithm with approximation ratio e + ε ≈ 2.718 + ε
and quasi-polynomial running time for GSP without release dates. Throughout this section, we assume that the sizes of the tasks are quasi-polynomially
bounded. Our algorithm follows the structure from the QPTAS for the packing
version of Unsplittable Flow on a Path due to Bansal et al. [3]. First, we describe
a recursive exact algorithm with exponential running time. Subsequently, we describe how to turn this routine into an algorithm with only quasi-polynomial
running time and an approximation ratio of 1 + ε.
For computing the exact solution (in exponential time) one can use the following recursive algorithm: Given the path G = (V, E), denote by eM the edge
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in the middle of G and let TM denote the tasks that use eM . Our strategy is
to “guess” which tasks in TM are contained in OPT, the (unknown) optimal
solution. Note that once these tasks are chosen, the remaining problem splits
into the two independent subproblems given by the edges on the left and on the
right of eM , respectively, and the tasks whose paths are fully contained in them.

Therefore, we enumerate all subsets of TM
⊆ TM , denote by TM the resulting

set of sets. For each set TM ∈ TM we recursively compute the optimal solution

for the subpaths {e1 , ..., eM−1 } and {eM+1 , ..., e|E| }, subject to the tasks in TM
being already chosen and that no more tasks from TM are allowed to be chosen.
The leaf subproblems are given when the path in the recursive call has only one
edge. Since |E| = O(n) this procedure has a recursion depth of O(log n) which
is helpful when aiming at quasi-polynomial running time. However, since in each

∈ TM , the running time is exponential (even
recursive step we try each set TM
in one single step of the recursion). To remedy this issue, we will show that for
any set TM appearing in the recursive procedure there is a set T̄M which is of
small size and which approximates TM well. More precisely, we can compute T̄M
in quasi-polynomial time (and it thus has only quasi-polynomial size) and there
∗
∗
∗
∈ T̄M such that c(TM
) ≤ (1 + ε) · c(TM 
∩ OPT) and TM
dominates
is a set TM


TM ∩OPT. For any set of tasks T we write c(T
)
:=
 ci , and for two sets of
i∈T


tasks T1 , T2 , we say that T1 dominates T2 if i∈T1 ∩Te pi ≥ i∈T2 ∩Te pi for each
edge e. We modify the above procedure such that we do recurse on sets in T̄M
instead of TM . Since T̄M has quasi-polynomial size, T̄M contains the mentioned
∗
, and the recursion depth is O(log n), the resulting algorithm is a QPTAS.
set TM
In the sequel, we describe the above algorithm in detail and show in particular
how to obtain the set T̄M .
2.1

Formal Description of the Algorithm

We use a binary search procedure to guess the optimal objective value B. First,
we reject all tasks i whose cost is larger than B and select all tasks i whose cost
is at most εB/n. The latter cost at most n · εB/n ≤ εB and thus only a factor
1 + ε in the approximation ratio. We update the demand proﬁle accordingly.
We deﬁne a recursive procedure UFPcover(E  , T  ) which gets as input a subpath E  ⊆ E of G and a set of already chosen tasks T  . Denote by T̄ the set of
all tasks i ∈ T \ T  such that the path of i uses only edges in E  . The output of
UFPcover(E  , T  ) is a (1 + ε)-approximation to the minimum cost solution for



the subproblem of selecting a set
of tasks T ⊆ T̄ such that T ∪T satisfy all de
mands of the edges in E , i.e., i∈(T  ∪T  )∩Te pi ≥ ue for each edge e ∈ E . Note
that there might be no feasible solution for this subproblem in which case we
output ∞. Let eM be the edge in the middle of E  , i.e., at most |E  |/2 edges are
on the left and on the right of eM , respectively. Denote by TM ⊆ T̄ all tasks in T̄
whose path uses eM . As described above, the key is now to construct the set T̄M

with the above properties. Given this set, we compute UFPcover(EL , T  ∪ TM
)
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ε OPT(k,) (1 + ε)+1

eM


ε(1+ε) OPT(k,) 
leftmost tasks

E


ε(1+ε) OPT(k,) 

not yet used
for covering
approx. profile

rightmost tasks

Fig. 1. Construction from Lemma 1




and UFPcover(ER
, T  ∪ TM
) for each set TM
∈ T̄M , where EL and ER
denote
the subpaths of E  on the left and on the right of eM , respectivley. We output




) + UFPcover(EL , T  ∪ TM
) + UFPcover(ER
, T  ∪ TM
).
min c(TM

 ∈T̄
TM
M

For computing the set T̄M , we ﬁrst group the tasks in TM into (log n)O(1) many
groups, all tasks in a group having roughly the same costs and sizes. Formally,
for each pair (k, ), denoting (approximately) cost (1 + ε)k and size (1 + ε) ,
we deﬁne
T(k,) := {i ∈ TM : (1 + ε)k ≤ ci < (1 + ε)k+1 ∧ (1 + ε) ≤ pi < (1 + ε)+1 }.
Since the sizes of the tasks are quasi-polynomially bounded and we preprocessed
the weights of the tasks, we have (log n)O(1) non-empty groups.
For each group T(k,) , we compute a set T̄(k,) containing at least one set which
is not much more expensive than OPT(k,) := OPT ∩T(k,) and which dominates
OPT(k,) . To this end, observe that the sizes of the tasks in OPT(k,) cover a
certain proﬁle (see Figure 1). Initially, we guess the number of tasks in OPT(k,) ,
and if | OPT(k,) | ≤ ε12 then we simply enumerate all subsets of T(k,) with at
most ε12 tasks. Otherwise, we consider a polynomial number of proﬁles that are
potential approximations of the true proﬁle covered by OPT(k,) . To this end,
we subdivide the (implicitly) guessed height of the true proﬁle evenly into 1ε
steps of uniform height, and we allow the approximate proﬁles to use only those
heights while being monotonously increasing and decreasing before and after eM ,
respectively (observe that also OPT(k,) has this property since all its tasks
use eM ). This leads to at most nO(1/ε) diﬀerent approximate proﬁles in total.
For each approximate proﬁle we compute a set of tasks covering it using LProunding. The path of any task in T(k,) contains the edge eM , and hence, a task
covering an edge e always covers all edges inbetween e and eM as well. Thus,
when formulating the problem as an LP, it suﬃces to introduce one constraint
for the leftmost and one constraint for the rightmost edge of each height in
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the approximated proﬁle. We compute an extreme point solution of the LP and
round up each of the at most 2ε fractional variables. Since | OPT(k,) | ≥ ε12 this
increases the cost at most a factor 1 + O(ε) compared to the cost of the LP.
It is clear that the LP has a solution if the approximate proﬁle is dominated
by the true proﬁle. Among such approximate proﬁles, consider the one that is
closest to the latter. On each edge it would be suﬃcient to add O(ε ·  OPT(k,) )
tasks from T(k,) in order to close the remaining gap. This is due to our choice
of the step size of the approximate proﬁle and the fact that all tasks in T(k,)
have roughly the same size. To this end, from the not yet selected tasks in

T(k,) we add the
 O(ε · | OPT(k,) ) tasks with the leftmost start vertex and the

O(ε · | OPT(k,) ) tasks with the rightmost end vertex (see Figure 1). This costs
again at most an O(ε)-fraction
of the cost so far. As a result, on each edge e we

have either selected O(ε ·  OPT(k,) ) additional tasks using it, thus closing the
remaining gap, or we have selected all tasks from T(k,) using e. In either case,
the selected tasks dominate the tasks in OPT(k,) , i.e., the true proﬁle.
Lemma 1. Given a group T(k,) . There is a polynomial time algorithm which
∗
computes a set of task sets T̄(k,) which contains a set T(k,)
∈ T̄(k,) such that
∗
∗
c(T(k,)
) ≤ (1 + ε) · c(OPT(k,) ) and T(k,)
dominates OPT(k,) .
We deﬁne the set T̄M by taking all combinations of selecting exactly one set from
the set T̄(k,) of each group T(k,) . Since there are (log n)O(1) groups, by Lemma 1
∗
the set T̄M has only quasi-polynomial size and it contains one set TM
which is a
∗
a good approximation to TM ∩ OPT, i.e., the set TM dominates TM ∩ OPT and
it is at most by a factor 1 + O(ε) more expensive. Now each node in the recursion
O(1)
children and, as argued above, the recursion depth
tree has at most n(log n)
is O(log n). Thus, a call to UFPcover(E, ∅) has quasi-polynomial running time
and yields a (1 + O(ε))-approximation for the overall problem.
Theorem 1. For any ε > 0 there is a quasi-polynomial (1 + ε)-approximation
algorithm for UFP-cover if the sizes of the tasks are in a quasi-polynomial range.
Bansal and Pruhs [6] give a 4-approximation-preserving reduction from GSP
with uniform release dates to UFP-cover using geometric rounding. Here we
observe that if instead we use randomized geometric rounding [19], then one can
obtain an e-approximation-preserving reduction. Together with our QPTAS for
UFP-cover, we get the following result.
Theorem 2. For any ε > 0 there is a quasi-polynomial time (e + ε)approximation algorithm for GSP with uniform release dates.

3

General Cost Functions under Speedup

We present a polynomial time algorithm which computes a solution for an instance of GSP with uniform release dates whose cost is optimal and which is
feasible if the machine runs with speed 1 + ε (rather than unit speed).
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Let 1 > ε > 0 be a constant and assume for simplicity that 1ε ∈ N. For our
algorithm, we ﬁrst prove some properties that we can assume “at 1 + ε speedup”;
by this, we mean that there is a schedule whose cost is at most the optimal
cost (without enforcing these restricting properties) and which is feasible if we
increase the speed of the machine by a factor 1 + ε. Many statements are similar
to properties that are used in [1] for constructing PTASs for the problem of
minimizing the weighted sum of completion times.
For a given schedule denote by Sj and Cj the start and end times of job j
in a given schedule (recall that we consider only non-preemptive schedules). We
(1+ε)
to be the smallest power of 1 + ε which is not smaller than Cj , i.e.,
deﬁne Cj
(1+ε)

:= (1 + ε) log1+ε Cj , and adjust the objective function as given in the
Cj
next lemma. Also, we impose that jobs that are relatively large are not processed
log
ε·p /(1+ε)
which is the
too early; formally, they do not run before (1 + ε) 1+ε j
largest power of 1 + ε which is at most ε/(1 + ε)·pj (the speedup will compensate
for the delay of the start time).
  (1+ε) 
Lemma 2. At 1+O(ε) speedup we can use the objective function j fj Cj
,

log1+ε ε·pj /(1+ε)

for each job j.
f (C ), and assume S ≥ (1 + ε)
instead of
j

j

j

j

Next, we discretize the time axis into intervals of the form It := [Rt , Rt+1 ) where
Rt := (1 + ε)t for any integer t. Note that |It | = ε · Rt . Following Lemma 2, to
simplify the problem we want to assign an artiﬁcial release date to each job j. For
log
ε·p /(1+ε)
. Lemma 2 implies then that
each job j, we deﬁne r(j) := (1 + ε) 1+ε j
we can assume Sj ≥ r(j) for each job j. Therefore, we interpret the value r(j) as
the release date of job j and from now on disallow to start job j before time r(j).
In a given schedule, we call a job j large if Sj ≤ ε13 · pj and small otherwise.
For the large jobs, we do not allow arbitrary starting times but we discretize the
time axis such that each interval contains only a constant number of starting
times for large jobs (for constant ε). For the small jobs, we do not want them
to overlap over interval boundaries and we want that all small jobs scheduled in
an interval It are scheduled during one (connected) subinterval Its ⊆ It .
Lemma 3. At 1 + O(ε) speedup we can assume that
– each interval It contains only O( ε13 ) potential start points for large jobs, and
– for each interval It there is a time interval Its ⊆ It , ranging from one potential start point for large jobs to another, which fully contains all small jobs
scheduled in It and no large jobs.
For the moment, let us assume that the processing times of the instance are
polynomially bounded. We will give a generalization to arbitrary instances later.
Our strategy is the following: Sincethe processing times are bounded, the
whole schedule ﬁnishes within log1+ε ( j pj ) ≤ O( 1ε log n) intervals. Ideally, we
would like to guess the placement of all large jobs in the schedule and then
use a linear program to ﬁll in the remaining small jobs. However, this would
1
result in nO( ε log n) possibilities for the large jobs, which is quasi-polynomial but
not polynomial. Instead, we only guess the pattern of large-job usage for each
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interval. A pattern P for an interval is a set of O( ε13 ) integers which deﬁnes the
start and end times of the slots during which large jobs are executed in It . Note
that such a job might start before It and/or end after It .
Proposition 1. For each interval It there are only N ∈ Oε (1) many possible
patterns, i.e., constantly many for constant ε. The value N is independent of t.
We ﬁrst guess all patterns for all intervals at once. Since there are only O( 1ε log n)
1
intervals, this yields only N O( ε log n) ∈ nOε (1) possible combinations for all patterns for all intervals. Suppose now that we guessed the pattern corresponding
to the optimal solution correctly. Next, we solve a linear program that in parallel assigns large jobs to the slots speciﬁed by the pattern, and also, it assigns
small jobs into the remaining idle times on the intervals. Formally, we solve the
following LP. We denote by Q the set of all slots for large jobs, size(s) denotes
the length of a slot s, begin(s) its start time, and t(s) denotes the index of the
interval It that contains s. For each interval It denote by rem(t) the remaining
idle time for small jobs, and consider these idle times as slots
 for small jobs,
which we refer to by their interval indices I := {1, . . . , log1+ε ( j pj )}. For each
pair of slot s ∈ Q and job j ∈ J, we introduce a variable xs,j corresponding to
assigning j to s. Analogously, we use variables yt,j for the slots in I.
min


xs,j +

s∈Q



 
j∈J

fj (Rt(s)+1 ) · xs,j +

s∈Q





fj (Rt+1 ) · yt,j

(1)

t∈I

yt,j = 1

∀j ∈ J

(2)

xs,j ≤ 1

∀s ∈ Q

(3)

∀t ∈ I

(4)

t∈I



j∈J

j∈J

pj · yt,j ≤ rem(t)
xs,j = 0

∀ s ∈ Q, ∀j ∈ J : r(j) > begin(s) ∨ pj > size(s) (5)

yt,j = 0

∀ t ∈ I, ∀j ∈ J : r(j) > Rt ∨ pj > ε · |It |

(6)

∀ s ∈ Q, ∀ t ∈ I, ∀j ∈ J.

(7)

xs,j , yt,j ≥ 0

Denote the above LP by sLP. It has polynomial size and thus we can solve it
eﬃciently. Borrowing ideas from [23] we round it to a solution that is not more
costly and which can be made feasible using additional speedup of 1 + ε.
Lemma 4. Given a fractional solution (x, y) to sLP. In polynomial time, we can
compute a non-negative integral solution (x , y  ) whose cost is not larger than the
cost of (x, y) and which fulfills the constraints (2), (3), (5), (6), (7) and

pj · yt,j ≤ rem(t) + ε · |It |
∀ t ∈ I.
(4a)
j∈J

In particular, the cost of the computed solution is no more than the cost of the
integral optimum and it is feasible under 1 + O(ε) speedup (accumulating all the
speedups from the previous lemmas). We remark that the technique of guessing
patterns and ﬁlling them in by a linear program was ﬁrst used in [24].
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For the general case, i.e., for arbitrary processing times, we ﬁrst show that at
1+ε speedup, we can assume that for each job j there are only O(log n) intervals
between r(j) (the artiﬁcial release date of j) and Cj . Then we devise a dynamic
program which moves from left to right on the time axis and considers sets of
O(log n) intervals at a time, using the above technique.
Theorem 3. Let ε > 0. There is a polynomial time algorithm for GSP with
uniform release dates which computes a solution with optimal cost and which is
feasible if the machine runs with speed 1 + ε.

4

Few Classes of Cost Functions

In this section, we study the following special case of GSP with release dates. We
assume that each cost function fj can be expressed as fj = wj · gu(j) for a jobdependent weight wj , k global functions g1 , ..., gk , and an assignment u : J → [k]
of cost functions to jobs. We present a QPTAS for this problem, assuming that
k = (log n)O(1) and that the jobs have at most (log n)O(1) distinct release dates.
We assume that the job weights are in a quasi-polynomial range, i.e., we assume
O(1)
for the (integral) job weights.
that there is an upper bound W = 2(log n)
In our algorithm, we ﬁrst round the values of the functions gi so that they
attain only few values, (log n)O(1) many. Then we guess the (log n)O(1) /ε most
expensive jobs and their costs. For the remaining problem, we use a linear program. Since we rounded the functions gi , our LP is sparse, and by rounding an
extreme point solution we increase the cost by at most an ε-fraction of the cost
of the previously guessed jobs, which yields an (1 + ε)-approximation overall.
Formally, we use a binary search framework to estimate the optimal value B.
Having this estimate, we adjust the functions gi such that each of them is a step
function with at most (log n)O(1) steps, all being powers of 1 + ε or 0.
Lemma 5. At 1 + ε loss we can assume that for eachi ∈ [k] and each t it holds
B
that gi (t) is either 0 or a power of 1 + ε in nε · W
,B .
Our problem is in fact equivalent to assigning a due date dj to each job (cf. [6])
such that the due dates are feasible, meaning that there is a preemptive schedule
where
every job ﬁnishes no later than its due date, and the objective being

f
(d
j
j ). The following lemma characterizes when a set of due dates is feasible.
j
Lemma 6 ([6]). Given a set of jobs and a set of due dates. The due dates are
feasible if and only if for every interval I = [rj , dj  ] for any two jobs j, j  , the
that are assigned a deadline 
after I have a total
jobs in X(I) := {j : rj ∈ I} 
size of at least ex(I) := max( j∈X(I) pj − |I|, 0). That is, j̄∈X(I):dj̄ >dj pj̄ is
at least ex(I) for all intervals I = [rj , dj  ].
Denote by D all points in time where at least one cost function gi increases. It
suﬃces to consider only those values as possible due dates.
Proposition 2. There is an optimal due date assignment such that dj ∈ D for
each job j.
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Denote by R the set of all release dates of the jobs. Recall that |R| ≤ (log n)O(1) . We
guess now the |D|·|R|/ε most expensive jobs of the optimal solution and their respective costs. Due to the rounding in Lemma 5 we have that |D| ≤ k ·log1+ε (W ·n/ε) =
O(1)
(log n)O(1) and thus there are only O(n|D|·|R|/ε ) = n(log n) /ε many guesses.
Suppose we guess this information correctly. Let JE denote the guessed jobs
and for each job j ∈ JE denote by dj the latest time where it attains the
guessed cost, i.e., its due date. Denote by cthres the minimum cost of a job in JE ,
according to the guessed costs. The remaining problem consists in assigning a
due date dj ∈ D to each job J \ JE such that none of these jobs costs more than
cthres , all due dates together are feasible, and the overall cost is minimized. We
express this as a linear program. In that LP, we have a variable xj,t for each pair
of a job j ∈ J \ JE and a due date t ∈ D such that j does
 not cost more than
cthres when ﬁnishing at time t. We add the constraint t∈D xj,t = 1 for each
job j, modeling that the job has a due date, and one constraint for each interval
[r, t] with r ∈ R and t ∈ D to model the condition given by Lemma 6.
In polynomial time, we compute an extreme point solution x∗ for the LP. It
has at most |D| · |R| + |J \ JE | many non-zeros.
 Each job j needs at least one
non-zero variable x∗j,t , due to the constraint t∈D xj,t = 1. Thus, there are at
most |D| · |R| fractionally assigned jobs, i.e., jobs j having a variable x∗j,t with
0 < x∗j,t < 1. We deﬁne an integral solution by rounding x∗ as follows: For each
job j we set dj to be the maximum value t such that x∗j,t > 0. We round up
at most |D| · |R| jobs and after the rounding, each of them costs at most cthres .
Hence, those jobs cost at most an ε-fraction of the cost of guessed jobs (JE ).
∗
∗
Lemma 7. Denote
 by c(x ) the cost of ∗the solution
 x . We have that
j∈J\JE fj (dj ) ≤ c(x ) + ε ·
j∈JE fj (dj ).


Since c(x∗ ) + JE fj (dj ) is a lower bound on the optimum, we obtain a (1 + ε)approximation. As there are quasi-polynomially many guesses for the expensive
jobs and the remainder can be done in polynomial time, we obtain a QPTAS.
Theorem 4. There is a QPTAS for GSP, assuming that each cost function fj
can be expressed as fj = wj · gu(j) for some job-dependent weight wj and at
most k = (log n)O(1) global functions g1 , ..., gk , and that the jobs have at most
(log n)O(1) distinct release dates.
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