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Introduction
°

Motivation

@ find balanced solutions

@ reference point methods:
part of many state-of-the-art MCDM tools,
little theoretical background
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Definitions and Notations
[ Jelele)

Definition (Ideal Point)

Given a multicriteria optimization problem max,cy ¥,
the ideal point y* = (yi,...,y;) is defined by

y; = maxy; V.

yey
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Definitions and Notations
0®00

Definition (Compromise Solution, Yu 1973)

Given a multicriteria optimization problem max,cy y with the ideal
point y* € QF, the compromise colution w.r.t. the norm |-| on QF
is

S =min |y -y .
y= =miny* - y|

Y2

Y1
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Definitions and Notations
coeo

The norms we consider:

koo\MP
(Z yf) , pe[l,o0) (¢-Norm)
1=1

lyl, =
|9l oo = nax yi (Maximum (£%°-)Norm)
i=1,...,
1
lyly = [yl + 5 lyly, pell,oo] (Cornered p-Norm)
1 1

a [
N R

fP-Norm Cornered p-Norm
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NY

Degree of balancing controlled by adjusting p.
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Definitions and Notations
coeo

The norms we consider:

koo\MP
(Z yf) , pe[l,o0) (¢-Norm)
1=1

lyl, =
|9l oo = nax yi (Maximum (£%°-)Norm)
i=1,...,
1
lyly = [yl + 5 lyly, pell,oo] (Cornered p-Norm)

Weighted version: For any norm and A e Q¥ A>0,A#0:

Iyl = 1w, Aayas - e | -
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Definitions and Notations
ocooe

Known Properties

Gearhardt 1979:
@ for p < oo all compromise solutions are Pareto optimal

@ all Pareto optimal solution are a compromise solution,
for p big enough

Y2

Y1
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Approximation
©0000000

Approximate Pareto sets

Definition (s-approximate Pareto set)

Let YVp be the Pareto set of a given instance, and let € > 0.
Y. €Y is an g-approximate Pareto set if for all y € Vp there is
y' € ). such that

yi<(l+e)y; Vi=1,...,k
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Approximate Pareto sets

Definition (s-approximate Pareto set)

Let YVp be the Pareto set of a given instance, and let € > 0.
Y. €Y is an g-approximate Pareto set if for all y € Vp there is
y' € ). such that

yi<(l+e)y; Vi=1,...,k

Theorem (Papadimitriou& Yannakakis,2000)

There always exists an e-approximate Pareto set
with size polynomial in |I| and 1/e.
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Approximation
0®000000

How to find approximate Pareto sets

Theorem (Papadimitriou& Yannakakis,2000)

There is an efficient algorithm for constructing an e-approximate
Pareto set if and only if the GAP problem is tractable.

GAP problem: Given y e Q" and € > 0.
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How to find approximate Pareto sets

Theorem (Papadimitriou& Yannakakis,2000)

There is an efficient algorithm for constructing an e-approximate
Pareto set if and only if the GAP problem is tractable.

GAP problem: Given y e Q" and € > 0.

Y2 Y2

no sol'n

'S o (1+o)y
Yy

Y1 Y1
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Approximation
[eeX Yololelele]

From approximate Pareto sets to approximate CS

Goal: Given an e-approximate Pareto set,
find (1 + §)-approximation to the compromise solution
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Approximation
[e1eleY Tolelele)

An alternative objective

Replace minyey ||y* -y by
Iile%xf(y) ,

where

@ level sets are maintained:
ly* =yl =ly -y = fly)=,)
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Approximation
[e1eleY Tolelele)

An alternative objective

Replace minyey ||y* -y by
Iile%xf(y) ,

where
@ level sets are maintained:
ly =yl =ly" =yl = fy)=rE)
e f(0)=0
o f(y)=ly"|

= f(y) =y -y -yl
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Approximation
0000®000

From approximate Pareto sets to approximate CS

If Y. is an e-approximate Pareto set for maxycy y, then
maxyey, f(y) yields a (1 + 0)-approximation to maxyey f(y),
for some § € O(¢).
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Approximation
00000®00

From approximate CS to approximate Pareto set

Goal: Given FPTAS for CS, solve GAP for given y e R* &> 0.
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Approximation
00000®00

From approximate CS to approximate Pareto set

Goal: Given FPTAS for CS, solve GAP for given y e R* &> 0.
Problem:

Y2 *

ye

5L Aoy
s —o

<e

Y1
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Approximation
000000e0

Moving the reference point

Solution: Move the reference point

Y2 *

Y1
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Approximation
000000e0

Moving the reference point

Solution: Move the reference point ~ super-ideal reference point

Y2

U
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Approximation

0000000 e

From approximate CS to approximate Pareto set

For 7" > y*, set f(y) = |7 - |7 -yl

If there is an FPTAS for maxycy f(y) for any 7* > y*,
then the GAP problem for max,cy y is tractable.
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Approximation

0000000 e

From approximate CS to approximate Pareto set

For 7" > y*, set f(y) = |7 - |7 -yl

If there is an FPTAS for maxycy f(y) for any 7* > y*,
then the GAP problem for max,cy y is tractable.

If Y. is an e-approximate Pareto set for maxycy y, then for any
U* >y*, maxyey, f(y) yields a (1 + 0)-approximation to
maxyey f(y), for some § € ©(¢).
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Summary & Outlook

approximate Pareto set
ideal point super-ideal ref pt

approximate compromise solutions
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Summary & Outlook

approximate Pareto set
ideal point L ¢ U 1 super-ideal ref pt

approximate compromise solutions

Future work:
@ Approximation algorithms
@ Heuristics

@ Application
Group of Multicriteria Analysis and Sustainability,
University of Malaga (Sept—Dec 2012)

Thank you for your attention.
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Set 7" = C -y such that 5 > y*. B
Let ' be a (1 + &)-approximation for max,rcy f(y") with y' # y.
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Set 7" = C -y such that 5 > y*. B
Let ' be a (1 + &)-approximation for max,rcy f(y") with y' # y.

vy eY:fly")<(1+8) ()
<(1+8)f(v)
=(1+0)UF* =17 -yl)
=(1+)(C-|y|-(C-1)]y[)
=(1+9) |y|
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Set 7" = C -y such that 5 > y*. B
Let ' be a (1 + &)-approximation for max,rcy f(y") with y' # y.

vy eY:fly")<(1+8) ()
<(1+8)f(v)
=(1+0)UF* =17 -yl)
=(1+)(C-|y|-(C-1)]y[)

= (1+3) [yl

F((+e)y) =y - 17 - (1 +e)yl
=C-Jyl-(C-(1+e)) [yl
=(1+e) [yl
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Let ). be an s-approximate Pareto set, ' = argmax, ¢y, f(y)
1> Pareto optimal

= Jyed. withg>(1-¢)y*, wlog g=(1-¢)y
We need

170 =17 -3l = F(@) > 1= 0) F(y=) = A=) T | - |7 - =) .

CS

or equivalently

17" =gl <17 - y=1+ (7" = 7" - =) -
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17" =gl < 7" ==+ 7| = 17" = y=[)
—_——

d b c
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17" =9l < 17" ==+ WF"1 - 17" - y=])
—————

d b c

Show d’ < éc'.

Kai-Simon Goetzmann Compromise Solutions



17" =9l < 17" ==+ WF"1 - 17" - y=])
—————

d b c

Show d’ < éc'.

Kai-Simon Goetzmann Compromise Solutions



17" =9l < 17" ==+ WF"1 - 17" - y=])
—————

d b c

Show d’ < éc'.
d/ C//

ga a
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17 =gl <17 -yl +0 (17" | - 17" - v=I)

Show d’ < éc'.
d/ C//

ga a
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17 =gl <17 -yl +0 (17" | - 17" - v=I)

c/

Kai-Simon Goetzmann
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Show d’ < éc'.

dl I’
ca  a
Il_d_dl
¢ c-c
_l
:d d 1
b




17 =gl <17 -yl +0 (17" | - 17" - v=I)
d b c
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